Lightlike foliations on Lorentzian manifolds with weakly irreducible
  holonomy algebra by Bezvitnaya, Natalia
ar
X
iv
:m
at
h/
05
06
10
1v
1 
 [m
ath
.D
G]
  6
 Ju
n 2
00
5
Lightlike foliations on Lorentzian manifolds with weakly
irreducible holonomy algebra
Natalia Bezvitnaya
November 23, 2018
Abstract
We study the lightlike foliations that appear on Lorentzian manifolds with weakly
irreducible not irreducible holonomy algebra. We give global structure equations for the
foliation that generalize the Gauss and Weingarten equations for one lightlike hypersur-
face. This gives us some global operators on the manifold. Using these operators, we
decompose the curvature tensor of the manifold into several components. We give a cri-
teria how to find the type of the holonomy algebras (there are 4 possible types) in terms
of the global operators.
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Introduction
Weakly irreducible not irreducible holonomy algebras of Lorentzian manifolds were classified
recently. In [4] L. Berard Bergery and A. Ikemakhen divided these holonomy algebras into 4
types and associated to each such algebra a subalgebra of so(n) that is called the orthogonal
part (the dimension of the manifold is n+2). In [9, 10] T. Leistner proved that the orthogonal
part of the holonomy algebra of a Lorentzian manifold is the holonomy algebra of a Riemannian
manifold. We recall this classification in section 3.
If the holonomy algebra of a connected Lorentzian manifold M¯ is weakly irreducible and not
irreducible (i.e. it preserves an isotropic line and does not preserve any nondegenerate vector
subspace of the tangent space), then we obtain on M¯ a parallel distribution D of isotropic
lines and the distribution D⊥ of degenerate hypersubspaces of the tangent spaces. The distri-
bution D⊥ is parallel and, in particular, it is involutive. This gives us a foliation in lightlike
hypersurfaces.
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Our purpose is to describe the geometry of Lorentzian manifolds with weakly irreducible not
irreducible holonomy algebras of each type and with each orthogonal part in terms of the
foliation in lightlike hypersurfaces. There were some approaches to study geometry of these
manifolds in local coordinates, see [12, 11, 8, 9, 5]. We hope that our approach can give some
global description.
The case of one lightlike hypersurface of a Lorentzian manifold was studied, for example, in [6].
In section 1 we recall some results from this book. Note that in order to obtain a connection
on a lightlike hypersurface M of a Lorentzian manifold M¯ we must choose a distribution
(a screen distribution) S(TM) ⊂ TM that is any complement distribution to TM⊥ ⊂ TM
or, equivalently, choose a complementary isotropic vector bundle (a transversal vector bundle)
tr(TM) to TM ⊂ TM¯ |M . Such choice is not always canonical. Some approaches to a canonical
choice of S(TM) (equivalently of tr(TM)) can be found in [3].
In the beginning of section 2 we rewrite the structure equations from [6] for one hypersurface
of the foliation. Since we have not one lightlike hypersurface but a foliation in lightlike hy-
persurfaces, it is natural to have global structure equations. Such equations can be obtained
by choosing a global screen distribution (or transversal bundle), the existence of the last is
guaranteed by theorem 1. From the global equations we obtain some operators on M¯ (which
depend on the choice of the screen distribution). These operators generalize the operators for
one hypersurface from [6].
A global screen distribution gives us a decomposition of the tangent space of M¯ at each point.
The same decomposition was used in [7] in order to decompose the curvature tensor at a point
into several components, see section 4. Knowing these components at each point of the manifold,
we know the type of the holonomy algebra. In section 5 we consider these components for the
curvature tensor of the manifold M¯ and express them in terms of the global operators that we
have defined.
In section 6 we give a criterion how to find the type of the holonomy algebra in terms of our
global operators. First we distinguish holonomy algebras of type 2 and 4 from the holonomy
algebras of type 1 and 3. Then we give criterions for holonomy algebras of type 3 and 4.
Finally we consider a local example, where the holonomy algebra is Abelian.
Another open problem is to find a canonical way of choosing the screen distribution.
Acknowledgments I would like to thank Helga Baum for the theme proposed to me and for the
useful discussions during October-December 2004.
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1 Case of one lightlike hypersurface of
a Lorentzian manifold
In this section we recall some results from [6].
Let (M¯, g¯) be a connected Lorentzian manifold of dimension n+2 and letM ⊂ M¯ be a lightlike
hypersurface of M¯ , i.e. the restriction of g¯x to TxM is degenerate for all x ∈M . Since TxM is
degenerate, the perpendicular TxM
⊥ to TxM in TxM¯ is an isotropic line, which is contained in
TxM . We get on M the vector subbundle TM
⊥ = ∪x∈MTxM
⊥ of TM .
In order to obtain a connection on M we fix a complementary vector bundle S(TM) of TM⊥
in TM . We have
TM = S(TM)
⊥
⊕ TM⊥. (1)
If M is paracompact, S(TM) always exists. The distribution S(TM) ⊂ TM is called a screen
distribution.
Since any maximal isotropic subspace of TxM¯ is 1-dimensional, we see that the distribution
S(TM) is not degenerate. Hence we obtain the decomposition
TM¯ |M = S(TM)
⊥
⊕ S(TM)⊥, (2)
where S(TM)⊥ is the orthogonal complementary vector bundle to S(TM) in TM¯|M .
In [6] it was proved that for a given screen distribution S(TM) there exists a unique vector
bundle tr(TM) of rank 1 over M , such that for any non-zero section ξ of TM⊥ on a coordinate
neighborhood U ⊂M , there exists a unique section N of tr(TM) on U such that
g¯(ξ, N) = 1 and g¯(N,N) = g¯(N,W ) = 0 for all W ∈ Γ(S(TM)|U).
The vector bundle tr(TM) is called the lightlike transversal vector bundle of M with respect to
S(TM). We have the following decompositions of TM¯|M :
TM¯|M = S(TM)
⊥
⊕ (TM⊥ ⊕ tr(TM)) = TM ⊕ tr(TM). (3)
Suppose that we have a screen distribution on a lightlike hypersurface M of a Lorentzian
manifold (M¯, g¯). Using the second form of the decomposition (3), we obtain
∇¯XY = ∇XY︸ ︷︷ ︸
∈Γ(TM)
+ h(X, Y )︸ ︷︷ ︸
∈Γ(tr(TM))
(4)
and
∇¯XV = −AVX︸ ︷︷ ︸
∈Γ(TM)
+ ∇tXV︸ ︷︷ ︸
∈Γ(tr(TM))
(5)
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for any X, Y ∈ Γ(TM) and V ∈ Γ(tr(TM)). It is known that ∇ is a torsion-free linear connec-
tion onM , h is a Γ(tr(TM))-valued symmetric F(M)-bilinear form on Γ(TM), AV : Γ(TM)→
Γ(TM) is a F(M)-linear operator and ∇t is a linear connection on the vector bundle tr(TM).
The connections ∇ and ∇t are called the induced connections on M and tr(TM) respectively.
The bilinear form h and the operator AV are called the second fundamental form and the shape
operator respectively. The formulas (4) and (5) are called the Gauss and Weingarten formulas
respectively.
Using decomposition (1), we obtain
∇XY =
∗
∇XY︸ ︷︷ ︸
∈Γ(S(TM))
+
∗
h(X, Y )︸ ︷︷ ︸
∈Γ(TM⊥)
(6)
and
∇XU = −
∗
AUX︸ ︷︷ ︸
∈Γ(S(TM))
+
∗
∇
t
XU︸ ︷︷ ︸
∈Γ(TM⊥)
(7)
for any X ∈ Γ(TM), Y ∈ Γ(S(TM)) and U ∈ Γ(TM⊥). We have that
∗
∇ and
∗
∇
t
are linear
connections on vector bundles S(TM) and TM⊥ respectively,
∗
h : Γ(TM) × Γ(S(TM)) →
Γ(TM⊥) is a F(M)-bilinear form and
∗
AU : Γ(TM) → Γ(S(TM)) is a F(M)-linear operator.
The bilinear form
∗
h and the operator
∗
AU are called the second fundamental form and the shape
operator of the screen distribution S(TM) respectively. The equations (6) and (7) are called
the Gauss and Weingarten equations for the screen distribution respectively.
Let R¯ and R be the curvature tensors for the connections ∇¯ and ∇ respectively. Then for
X, Y, Z ∈ Γ(TM) we have
R¯(X, Y )Z = R(X, Y )Z + Ah(X,Z)Y −Ah(Y,Z)X + (∇Xh)(Y, Z)− (∇Y h)(X,Z), (8)
where
(∇Xh)(Y, Z) = ∇
t
X(h(Y, Z))− h(∇XY, Z)− h(Y,∇XZ).
The equation (8) is called the Gauss-Codazzi equation.
2 Global structure equations
Now consider a case when we obtain a foliation of lightlike hypersurfaces on a Lorentzian
manifold.
Suppose that the holonomy group of a connected n+2-dimensional Lorentzian manifold (M¯, g¯)
is weakly irreducible and not irreducible, i.e. for any x ∈ M¯ the holonomy group Holx ⊂
O(TxM¯, g¯x) preserves an isotropic line of TxM¯ and does not preserve any nondegenerate vector
subspace of TxM¯ . Then we obtain on M¯ a parallel distribution D of isotropic lines. Since
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Holx ⊂ O(TxM¯, g¯x), we see that the perpendicular D
⊥
x ⊂ TxM¯ is also preserved. Obviously,
Dx ⊂ D
⊥
x , dimD
⊥ = n+1 and the subspace D⊥ is degenerate. We obtain a parallel distribution
D⊥ on M¯ . It is known that the distributions D and D⊥ are smooth. Denote D⊥ by T , then
D = T⊥. Since the torsion of the Levi-Civita connection is zero, for any X, Y ∈ Γ(T ) we
have [X, Y ] = ∇XY −∇YX ∈ Γ(T ), hence the distribution T is involutive. By the Frobenius
theorem, for any point x ∈ M¯ we have a maximal integral manifold Mx of the distribution
T . Obviously, Mx ⊂ M¯ is a lightlike hypersurface. Thus we obtain a foliations of lightlike
hypersurfaces on M¯ .
Let x ∈ M¯ . We will rewrite the above formulas for the lightlike hypersurfaceMx ⊂ M¯ . Suppose
that we have some screen distribution S(TMx). Since the distribution T is parallel, from (4)
we obtain
∇¯XY = ∇XY ∈ Γ(TMx) (9)
for all X, Y ∈ Γ(TMx), i.e. h = 0.
The equations (5) and (6) remain without change. From (7) we obtain
∇XU =
∗
∇
t
XU ∈ Γ(TM
⊥
x ) (10)
for all X ∈ Γ(TMx), U ∈ Γ(TM
⊥
x ), i.e.
∗
A = 0.
Since h = 0, from (8) it follows that for X, Y, Z ∈ Γ(TMx) we have
R¯(X, Y )Z = R(X, Y )Z. (11)
Since we have a foliation of lightlike hypersurfaces, it is natural to construct a global screen
distribution and the corresponding transversal bundle.
Theorem 1 For the distribution T⊥ there exists on M¯ a (not unique) distribution Tr of rank
1 that satisfies the condition: for any ξ ∈ Γ(T⊥) nonzero at all points of some open set U ⊂ M¯ ,
there exists a unique section N ∈ Γ(Tr|U) satisfying g¯(N,N) = 0 and g¯(ξ, N) = 1 on U .
Proof. In [11] it was proved that locally there exist coordinates x0, x1, ...xn, xn+1 such that the
metric g¯ has the form
g¯ = 2dx0dxn+1 +
n∑
i,j=1
gijdx
idxj + f · (dxn+1)2,
where gij are functions of x
1, ..., xn, xn+1 and f is a function of x0, ..., xn, xn+1 . For all x from this
coordinate neighborhood we have T⊥x = R(
∂
∂x0
)x and we choose Trx = R(−
1
2
f( ∂
∂x0
)x+(
∂
∂xn+1
)x).
Thus on some neighborhood of each point x ∈ M¯ we obtain a distribution that satisfy the
theorem. We assume that M¯ is paracompact, then we have a locally finite open covering (Ui)i∈I
of M¯ , where Ui are coordinate neighborhoods as above. On each Ui we have a distribution
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Tri that satisfy the theorem. Let (fi)i∈I be a partition of unity for the covering (Ui)i∈I .
Let x ∈ M¯ . Since (Ui)i∈I is locally finite, the point x is contained in a finite number of
the open sets Ui1 , ..., Uim , where i1, ..., im ∈ I. Let V = Ui1 ∩ ... ∩ Uim . Let ξ ∈ Γ(T
⊥) be
any section nonzero at all points of V . Then for each 1 ≤ k ≤ m there exists a unique
Nik ∈ Γ(Trik |Uik
) with g¯(ξ, Nik) = 1 on V . For N = fi1Ni1 + · · · + fimNim − hξ, where
2h = g¯(fi1Ni1 + · · ·+ fimNim , fi1Ni1 + · · ·+ fimNim), we have g¯(N,N) = 0 and
g¯(ξ, N) = g¯(ξ, fi1Ni1 + · · ·+ fimNim) = fi1 g¯(ξ, Ni1) + · · ·+ fim g¯(ξ, Nim) = fi1 + · · ·+ fim = 1.
For any y ∈ V we define Try as Try = RNy. We do this for all x ∈ M¯ and obtain a distribution
Tr on M¯ . Obviously, Tr is well defined on M¯ and satisfies the theorem. 
We see that the vector subspace T⊥x ⊕ Trx ⊂ TxM¯ is nondegenerate, hence the orthogonal
complement Sx = (T
⊥
x ⊕ Trx)
⊥ ⊂ TxM¯ is an Euclidean subspace. Hence the restriction of g¯ on
the distribution S = (T⊥ ⊕ Tr)⊥ ⊂ TM¯ is positively definite. We have
T = S
⊥
⊕ T⊥ (12)
and
TM¯ = S
⊥
⊕ (T⊥ ⊕ Tr) = T ⊕ Tr. (13)
Let Mx ⊂ M¯ be an integral manifold of T through x ∈ M¯ , then S(TMx) = S|Mx is a screen
distribution on Mx and tr(TMx) = Tr|Mx is the corresponding transversal bundle on Mx.
Now we can generalize the operators ∇, AV , ∇
t,
∗
h,
∗
∇ and
∗
∇
t
.
Since the distribution T⊥ is parallel, we have
∇¯WY = ∇WY ∈ Γ(T ) (14)
Using the second form of the decomposition (13), we obtain
∇¯WV = −AVW︸ ︷︷ ︸
∈Γ(T )
+∇tWV︸ ︷︷ ︸
∈Γ(Tr)
(15)
for any W ∈ Γ(TM¯), Y ∈ Γ(T ) and V ∈ Γ(Tr). It can be proved that ∇ is a linear connection
on the bundle T , AV : Γ(TM¯)→ Γ(T ) is a F(M¯)-linear operator, and ∇
t is a linear connection
on the vector bundle Tr. We call ∇ and ∇t the induced connections on T and Tr respectively.
We call AV the shape operator of M¯ with respect to the screen distribution S.
Using decomposition (12), we obtain
∇WY =
∗
∇WY︸ ︷︷ ︸
∈Γ(S)
+
∗
h(W,Y )︸ ︷︷ ︸
∈Γ(T⊥)
(16)
and
∇WU =
∗
∇
t
WU ∈ Γ(T
⊥) (17)
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for any W ∈ Γ(TM¯), Y ∈ Γ(S) and U ∈ Γ(T⊥). It can be proved that
∗
∇ and
∗
∇
t
are linear
connections on vector bundles S and T⊥ respectively,
∗
h : Γ(TM¯)× Γ(S)→ Γ(T⊥) is a F(M)-
bilinear form. We call
∗
h the second fundamental form of the screen distribution S.
For a hypersurface Mx the operators ∇, AV , ∇
t,
∗
h,
∗
∇ and
∗
∇
t
can be obtained from the defined
above by taking the obvious restrictions. Restricting to Mx (14), (15), (16) and (17) we obtain
(9), (5), (6) and (10) respectively.
Let V ∈ Γ(Tr). We have g¯(V, V ) = 0, hence for any W ∈ Γ(TM¯) holds g¯(∇¯WV, V ) +
g¯(V, ∇¯WV ) = 0 and
g¯(∇¯WV, V ) = 0. (18)
From (15) we obtain g¯(−AVW +∇
t
WV, V ) = 0. Thus,
g¯(AVW,V ) = 0. (19)
This means, that AV takes values in Γ(S). Thus we can consider AV as
AV : Γ(TM¯)→ Γ(S). (20)
By analogy, for any Y ∈ Γ(S) and V ∈ Γ(Tr) we have g¯(Y, V ) = 0, hence for any W ∈ Γ(TM¯)
holds g¯(∇¯WY, V ) + g¯(Y, ∇¯WV ) = 0. Using (15) and (16), we obtain
g¯(
∗
h(W,Y ), V ) = g¯(AVW,Y ) (21)
for all W ∈ Γ(TM¯), Y ∈ Γ(S) and V ∈ Γ(Tr). Hence AV and
∗
h can be found from each other.
3 Weakly irreducible not irreducible holonomy algebras
of Lorentzian manifolds
Let (R1,n+1, η) be a Minkowski space of dimension n+2, where η is a metric on Rn+2 of signature
(1, n + 1). We fix a basis U,X1, ..., Xn, V of R
1,n+1 with respect to which the Gram matrix of
η has the form


0 0 1
0 En 0
1 0 0

, where En is the n-dimensional identity matrix.
A subalgebra g ⊂ so(1, n+1) is called irreducible if it does not preserve any proper subspace of
R
1,n+1; g is called weakly irreducible if it does not preserve any nondegenerate proper subspace
of R1,n+1. Obviously, if g ⊂ so(1, n + 1) is irreducible, then it is weakly irreducible. If g ⊂
so(1, n+1) preserves a degenerate proper subspace W ⊂ R1,n+1, then it preserves the isotropic
line W ∩W⊥.
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From the classification of M. Berger (see [1]) it follows that the only irreducible holonomy
algebra of Lorentzian manifolds is isomorphic to so(1, n + 1), so we consider only the case of
weakly irreducible not irreducible holonomy algebra.
Let (M¯, g¯) be an n + 2-dimensional connected Lorentzian manifold with weakly irreducible
not irreducible holonomy algebra. Let x ∈ M¯ . We identify (TxM¯, g¯x) with (R
1,n+1, η). We
assume that the subalgebra hol ⊂ so(1, n + 1) corresponding to the holonomy algebra holx ⊂
so(TxM¯, g¯x) preserves the isotropic line RU , i.e. hol is contained in the subalgebra so(1, n+1)RU
of so(1, n+1) that preserves the line RU . Above we had a decomposition TxM¯ = T
⊥
x ⊕Sx⊕Trx.
We assume that X1, ..., Xn correspond to a basis of Sx and V corresponds to a vector of Trx.
The Lie algebra so(1, n+ 1)RU can be identified with the following algebra of matrices:
so(1, n+ 1)RU =




a X 0
0 A −X t
0 0 −a

 : a ∈ R, X ∈ Rn, A ∈ so(n)

 .
Let h ⊂ so(n) be a subalgebra. Recall that h is a compact Lie algebra and we have the
decomposition h = h′ ⊕ z(h), where h′ is the commutant of h and z(h) is the center of h.
The following result is due to L. Berard Bergery and A. Ikemakhen.
Theorem Suppose hol ⊂ so(1, n + 1)RU is a weakly irreducible holonomy algebra. Then hol
belongs to one of the following types
type 1. hol1,h =




a X 0
0 A −X t
0 0 −a

 : a ∈ R, X ∈ Rn, A ∈ h

, where h ⊂ so(n) is a subalge-
bra;
type 2. hol2,h =




0 X 0
0 A −X t
0 0 0

 : X ∈ Rn, A ∈ h

;
type 3. hol3,h,ϕ =




ϕ(B) X 0
0 A +B −X t
0 0 −ϕ(B)

 : X ∈ Rn, A ∈ h′, B ∈ z(h)

, where ϕ : h→
R is a non-zero linear map with ϕ|h′ = 0;
type 4. hol4,h,ψ =




0 X ψ(B) 0
0 A+B 0 −X t
0 0 0 −ψ(B)t
0 0 0 0

 : X ∈ R
n1 , A ∈ h′, B ∈ z(h)


, where we
have a non-trivial decomposition n = n1 + n2 such that h ⊂ so(n1); and ψ : h→ R
n2 is a
surjective linear map with ψ|h′ = 0.
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The subalgebra h ⊂ so(n) associated to a holonomy algebra in the above theorem is called the
orthogonal part of the holonomy algebra. In [10, 9] T. Leistner proved the following theorem
Theorem The orthogonal part of the weakly irreducible not irreducible holonomy algebra of a
Lorentzian manifold is the holonomy algebra of a Riemannian manifold.
4 Decomposition of an abstract curvature tensor
In this section we use the notations of section 3. We recall the decomposition of a curvature
tensor for the holonomy algebras given in [7].
Let W be a vector space and f ⊂ gl(W ) a subalgebra. The space of curvature tensors for the
Lie algebra f is defined as follows
R(f) = {R ∈ Hom(W⊗W, f) : R(u, v) = −R(v, u), R(u, v)w+R(v, w)u+R(w, u)v = 0 for all u, v, w ∈ W}.
Suppose that the holonomy algebra of M¯ is of type 1, i.e. hol = hol1,h for some h ⊂ so(n).
Let R¯x be the curvature tensor of the manifold M¯ at a point x ∈ M¯ , then R¯x ∈ R(hol
1,h),
where x ∈ M¯ (we use the identifications as in section 3). Having the decomposition R1,n+1 =
RU ⊕Rn⊕RV , R¯x can be decomposed into 5 components, R¯x = R¯x1+ R¯x2+ R¯x3+ R¯x4+ R¯x5.
These components are given by elements
Rh ∈ R(h), P ∈ {P ∈ Hom(R
n, h) : η(P (u)v, w)+η(P (v)w, u)+η(P (w)u, v) = 0 for all u, v, w ∈ Rn},
T ∈ Hom(Rn,Rn) with T ∗ = T, L ∈ Hom(Rn,R) and λ ∈ R,
and can be found from the following conditions
R¯x1(X, Y ) =


0 0 0
0 Rh(X, Y ) 0
0 0 0

 ,
R¯x2(V,X) =


0 0 0
0 P (X) 0
0 0 0

 , R¯x2(X, Y ) =


0 P ∗(X, Y ) 0
0 0 −P ∗(X, Y )t
0 0 0

 ,
R¯x3(V,X) =


0 T (X) 0
0 0 −T (X)t
0 0 0

 ,
R¯x4(U, V ) =


λ 0 0
0 0 0
0 0 −λ

 ,
R¯x5(V,X) =


L(X) 0 0
0 0 0
0 0 −L(X)

 , R¯x5(U, V ) =


0 L∗(1) 0
0 0 −L∗(1)t
0 0 0

 ,
9
where all X, Y ∈ Rn. We assume that each R¯xi is zero on vectors for which R¯xi was not defined.
Since any holonomy algebra holh of any other type with the orthogonal part h is contained in
hol1,h, for the curvature tensor R¯x ∈ R(hol
h) we have R¯x ∈ R(hol
1,h), and the decomposition
for R¯x can be obtained from the above decomposition and the condition that R¯x takes values
in holh.
For R¯x ∈ R(hol
2,h) we have
R¯x4 = R¯x5 = 0 and R¯x = R¯x1 + R¯x2 + R¯x3. (22)
For R¯x ∈ R(hol
3,h,ϕ) we have
R¯x4 = 0, R¯x1(X, Y ) ∈ kerϕ and R¯x5(V,X)U = ϕ(R¯x2(V,X))U for all X, Y ∈ R
n. (23)
For R¯x ∈ R(hol
4,h,ψ) we have
R¯x4 = R¯x5 = 0, R¯x1(Z1, Z2) ∈ kerψ, R¯x3(V, Y )|Rn2 = 0, and R¯x3(V,X)Y = η(ψ(R¯x2(V,X)), Y )U
(24)
for all Z1, Z2 ∈ R
n and X + Y ∈ Rn1 ⊕ Rn2 = Rn.
5 Decomposition of the curvature tensor on a manifold
In this section we use the notations of section 2. Let x ∈ M¯ . For TxM¯ we have the decompo-
sition
TxM¯ = T
⊥
x ⊕ Sx ⊕ Trx.
In section 4 we saw that having such decomposition of TxM¯ , we can decompose the curvature
tensor of M¯ at the point x into 5 components, R¯x = R¯x1 + R¯x2 + R¯x3 + R¯x4 + R¯x5. Thus we
have
R¯ = R¯1 + R¯2 + R¯3 + R¯4 + R¯5. (25)
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From the results of section 4 it follows that for all U, U1 ∈ Γ(T
⊥), X, Y, Z ∈ Γ(S) and V, V1 ∈
Γ(Tr) we have
R¯(X, Y )Z = R¯1(X, Y )Z︸ ︷︷ ︸
∈Γ(S)
+ R¯2(X, Y )Z︸ ︷︷ ︸
∈Γ(T⊥)
, (26)
R¯(X, Y )U = 0, (27)
R¯(X, V )Y = R¯2(X, V )Y︸ ︷︷ ︸
∈Γ(S)
+ R¯3(X, V )Y︸ ︷︷ ︸
∈Γ(T⊥)
, (28)
R¯(X, V )U = R¯5(X, V )U ∈ Γ(T
⊥), (29)
R¯(U, V )U1 = R¯4(U, V )U1 ∈ Γ(T
⊥), (30)
R¯(U, V )V1 = R¯5(U, V )V1︸ ︷︷ ︸
∈Γ(S)
+ R¯4(U, V )V1︸ ︷︷ ︸
∈Γ(Tr)
, (31)
Using this we will express R¯1, R¯2, R¯3, R¯4 and R¯5 in terms of the operators that we defined
above.
Let X, Y, Z ∈ Γ(S), then
R¯(X, Y )Z = ∇¯X∇¯Y Z − ∇¯Y ∇¯XZ − ∇¯[X,Y ]Z
(14)
= ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z
(16)
= ∇X(
∗
∇YZ +
∗
h(Y, Z))−∇Y (
∗
∇XZ −
∗
h(X,Z))−
∗
∇[X,Y ]Z −
∗
h([X, Y ], Z)
(16,17)
=
∗
∇X
∗
∇Y Z +
∗
h(X,
∗
∇Y Z) +
∗
∇
t
X(
∗
h(Y, Z))
−
∗
∇Y
∗
∇XZ −
∗
h(Y,
∗
∇XZ)−
∗
∇
t
Y (
∗
h(X,Z))−
∗
∇[X,Y ]Z −
∗
h([X, Y ], Z).
We have
[X, Y ] = ∇¯XY − ∇¯YX = ∇XY −∇YX =
∗
∇XY +
∗
h(X, Y )−
∗
∇YX −
∗
h(Y,X). (32)
Thus,
R¯(X, Y )Z =
∗
R(X, Y )Z︸ ︷︷ ︸
∈Γ(S)
+ (
∗
∇X
∗
h)(Y, Z)− (
∗
∇Y
∗
h)(X,Z)−
∗
h(
∗
h(X, Y )−
∗
h(Y,X), Z)︸ ︷︷ ︸
∈Γ(T⊥)
, (33)
where
∗
R is the curvature tensor of the connection
∗
∇ and
(
∗
∇Xh)(Y, Z) =
∗
∇
t
X(
∗
h(Y, Z))−
∗
h(
∗
∇XY, Z)−
∗
h(Y,
∗
∇XZ). (34)
From (26) it follows that
R¯1(X, Y )Z =
∗
R(X, Y )Z (35)
and
R¯2(X, Y )Z = (
∗
∇X
∗
h)(Y, Z)− (
∗
∇Y
∗
h)(X,Z)−
∗
h(
∗
h(X, Y )−
∗
h(Y,X), Z) (36)
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for all X, Y, Z ∈ Γ(S).
Note that from (32) it follows that the distribution S is involutive if and only if
∗
h(X, Y ) =
∗
h(Y,X) for all X, Y ∈ Γ(S).
From (21) we see that this is equivalent to
g¯(AVX, Y ) = g¯(X,AV Y ) for all X, Y ∈ Γ(S), V ∈ Γ(Tr).
For X, Y ∈ Γ(S) and V ∈ Γ(Tr) we have
R¯(X, V )Y = ∇¯X∇¯V Y − ∇¯V ∇¯XY − ∇¯[X,V ]Y
(14)
= ∇X∇V Y −∇V∇XY −∇[X,V ]Y
(16)
= ∇X(
∗
∇V Y +
∗
h(V, Y ))−∇V (
∗
∇XY −
∗
h(X, Y ))−
∗
∇[X,V ]Y −
∗
h([X, V ], Y )
(16,17)
=
∗
∇X
∗
∇V Y +
∗
h(X,
∗
∇V Y ) +
∗
∇
t
X(
∗
h(V, Y ))
−
∗
∇V
∗
∇XY −
∗
h(V,
∗
∇XY )−
∗
∇
t
V (
∗
h(X, Y ))−
∗
∇[X,V ]Y −
∗
h([X, V ], Y ).
We have
[X, V ] = ∇¯XV − ∇¯VX
(14,15)
= −AVX +∇
t
XV −
∗
∇VX −
∗
h(V,X).
Thus,
R¯(X, V )Y =
∗
R(X, V )Y︸ ︷︷ ︸
∈Γ(S)
+ (∇X
∗
h)(V, Y )− (
∗
∇V
∗
h)(X, Y ) +
∗
h(AV , X) +
∗
h(
∗
h(V,X), Y )︸ ︷︷ ︸
∈Γ(T⊥)
, (37)
where
(∇X
∗
h)(V, Y ) =
∗
∇
t
X(
∗
h(V, Y ))−
∗
h(∇tXV, Y )−
∗
h(V,
∗
∇XY ). (38)
From (28) and (37) it follows that
R¯2(X, V )Y =
∗
R(X, V )Y (39)
and
R¯3(X, V )Y = (∇X
∗
h)(V, Y )− (
∗
∇V
∗
h)(X, Y ) +
∗
h(AV , X) +
∗
h(
∗
h(V,X), Y ) (40)
for all X, Y ∈ Γ(S) and V ∈ Γ(Tr).
From (35) and (39) it follows that the curvature tensor R∗ can be found as follows
∗
R(W1,W2)X = prS(R¯1(W1,W2)X + R¯2(W1,W2)X) for all W1,W2 ∈ Γ(TM¯), X ∈ Γ(S), (41)
where prS is the projection on S with respect to decomposition (13).
Let x ∈ M¯ and Mx the lightlike hypersurface through x. From (41) it follows that for the
curvature tensor of connection
∗
∇ on the vector bundle S(TMx) = S|Mx we have
∗
RMx = R¯1|Γ(TMx)×Γ(TMx)×Γ(S(TMx)). (42)
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From (11) it follows that for the curvature tensor of Mx we have
RMx = (R¯1 + R¯2)|Γ(TMx)×Γ(TMx)×Γ(TMx). (43)
This shows that the curvature tensors R¯1 and R¯2 at a point x ∈ M¯ depend only on the lightlike
hypersurface through x, while the curvature tensor R¯3 depends on the links between different
hypersurfaces.
For U ∈ Γ(T⊥) and V, V1 ∈ Γ(Tr) we have
R¯(U, V )V1 = ∇¯U∇¯V V1 − ∇¯V ∇¯UV1 − ∇¯[U,V ]V1
(15)
= ∇¯U(−AV1V +∇
t
V V1)− ∇¯V (−AV1U +∇
t
UV1) + AV1([U, V ])−∇
t
[U,V ]V1
(14,15)
= −∇UAV1V − A∇tV V1U +∇
t
U∇
t
V V1 +∇VAV1U + A∇tUV1V
−∇tV∇
t
UV1 + AV1(∇¯UV − ∇¯V U)−∇
t
[U,V ]V1
(16,17)
= Rt(U, V )V1 −
∗
∇UAV1V −
∗
h(U,AV1V )− A∇tV V1U +
∗
∇VAV1U +
∗
h(V,AV1U)
+ A∇t
U
V1V + AV1∇
t
UV − AV1
∗
∇
t
V U
= Rt(U, V )V1︸ ︷︷ ︸
∈Γ(Tr)
− (∇UA)V1V + (∇VA)V1U︸ ︷︷ ︸
∈Γ(S)
−
∗
h(U,AV1V ) +
∗
h(V,AV1U)︸ ︷︷ ︸
∈Γ(T⊥)
,
where
(∇UA)V1V =
∗
∇UAV1V − A∇tUV1V − AV1∇
t
UV
and
(∇VA)V1U =
∗
∇VAV1U − A∇tV V1U − AV1
∗
∇
t
V U.
From (31) it follows that
R¯5(U, V )V1 = (∇VA)V1U − (∇UA)V1V. (44)
Using (30) and (29) we obtain
R¯4(U, V )U1 =
∗
R
t
(U, V )U1 and R¯5(X, V )U =
∗
R
t
(X, V )U. (45)
From (27) it follows that
∗
R
t
(X, Y ) = 0. (46)
From (45) and (46) we obtain
∗
R
t
(W1,W2)U = R¯4(W1,W2)U + R¯5(W1,W2)U (47)
for all W1,W2 ∈ Γ(TM¯) and U ∈ Γ(T
⊥).
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6 Types of holonomy algebras
Let holx be the holonomy algebra of M¯ at a point x ∈ M¯ . We suppose that holx is weakly
irreducible. In this section we give a criterion how to find the type of the holonomy algebra in
terms of our global operators.
From section 3, equations (47) and (44) we obtain the following
Proposition 1 The following conditions are equivalent
1) holx is of type 2 or 4;
2) R¯4 = R¯5 = 0;
3)
∗
R
t
= 0, i.e. the connection
∗
∇
t
is flat;
4) R¯4 = 0 and (∇VA)V1U − (∇UA)V1V = 0 for all U ∈ Γ(T
⊥), V, V1 ∈ Γ(Tr).
In the following proposition we use the vector bundle Hom(so(S),R) over M¯ such that Hom(so(S),R)y =
Hom(so(Sy),R) for all y ∈ M¯ . For a curve γ in M¯ we will denote by τ(γ) the parallel transport
along γ.
Proposition 2 The holonomy algebra holx is of type 3 if and only if the following conditions
hold
1.
∗
R
t
(U, V ) = 0 for all U ∈ Γ(T⊥) and V ∈ Γ(Tr).
2. There exists a section ϕ ∈ Γ(Hom(so(S),R)) such that
2.1.
∗
R(Xy, Yy) ∈ kerϕy for all y ∈ M¯ and Xy, Yy ∈ Sy.
2.2.
∗
R
t
(V,X) = ϕ(
∗
R(V,X)) · idΓ(T⊥) for all X ∈ Γ(S) and V ∈ Γ(Tr).
2.3. There exist y ∈ M¯ , Xy ∈ Sy and Vy ∈ Try such that
∗
Ry(Vy, Xy) 6∈ kerϕy.
2.4. For any y ∈ M¯ and any curve γ : [a, b]→ M¯ with γ(a) = x and γ(b) = y we have
ϕy(
∗
Ry(Vy, Xy)) = ϕx(prSx ◦τ(γ)
−1 ◦
∗
Ry(Vy, Xy) ◦ τ(γ)|Sx) for all Xy ∈ Sy, Vy ∈ Try.
Proof. Suppose that holx is of type 3. Since the holonomy algebras at different points of M¯
are isomorphic, for any y ∈ M¯ we have holy = hol
3,hy,ϕy , where hy ⊂ so(Sy) and ϕy : hy → R is
a linear map. From this, (23) and (45) follows the first statement of the proposition. We have
so(Sy) = hy ⊕ h
⊥
y , where h
⊥
y is the orthogonal complement to hy with respect to the Cartan-
Killing form on so(Sy). Extend ϕy to ϕy : so(Sy) → R by setting ϕy|h⊥y = 0. This gives a
section ϕ ∈ Γ(Hom(so(S),R)). Statements 2.1 and 2.2 follow from (23), (35), (39) and (45).
Suppose that 2.3 does not hold, then from statement 1, (45) and proposition 1, it follows that
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the holonomy algebra of M¯ is of type 2 or 4, i.e. we obtain a contradiction. Let y ∈ M¯ and let
γ : [a, b] → M¯ be a curve with γ(a) = x and γ(b) = y. For any W1, W2 ∈ TxM¯ consider the
operator
Rγ(W1,W2) = τ(γ)
−1 ◦ R¯y(τ(γ)W1, τ(γ)W2)) ◦ τ(γ) : TxM¯ → TxM¯.
From the theorem of Ambrose and Singer it follows that Rγ ∈ R(holx). Let Xy ∈ Sy, Vy ∈ Try,
and let W1 = τ(γ)
−1Vy ∈ TxM¯ , W2 = τ(γ)
−1Xy ∈ Tx (since S ⊂ T and T is parallel).
We can decompose W1 and W2 as follows W1 = prT⊥x W1 + prSx W1 + prTrx W1 and W2 =
prT⊥x W2 + prSx W2. From section 4 it follows that
R
γ
4(W1,W2)|T⊥x = R
γ
4(prTrx W1, prSx W2)|T⊥x
= ϕx(R
γ
2(prTrx W1, prSx W2)) · idT⊥x = ϕx(prSx ◦R
γ
2(W1,W2)|Sx) · idT⊥x . (48)
From section 4 it follows that the components of any abstract curvature tensor R ∈ R(holx)
can be obtained by applying to R some restrictions and projections. We have
ϕx(prSx ◦R
γ
2(W1,W2)|Sx) = ϕx(prSx ◦R
γ(W1,W2)|Sx)
= ϕx(prSx ◦τ(γ)
−1 ◦ R¯y(Vy, Xy)) ◦ τ(γ)|Sx) = ϕx(prSx ◦τ(γ)
−1 ◦ R¯y2(Vy, Xy)) ◦ τ(γ)|Sx) (49)
and
R
γ
4(W1,W2)|T⊥x = R
γ(W1,W2)|T⊥x
= τ(γ)−1 ◦ R¯y(Vy, Xy) ◦ τ(γ)|T⊥x = τ(γ)
−1 ◦ R¯y4(Vy, Xy) ◦ τ(γ)|T⊥x .
Since τ(γ)T⊥x ⊂ T
⊥
y , the last equality shows that R
γ
4(W1,W2)|T⊥x and R¯y4(Vy, Xy)|T⊥y act on T
⊥
x
and T⊥y , respectively, as the multiplication on the same real number. Since R¯y4(Vy, Xy)|T⊥y =
ϕy(R¯y2(Vy, Xy)) · idT⊥y , we see that
R
γ
4(W1,W2)|T⊥x = ϕy(R¯y2(Vy, Xy)) · idT⊥x . (50)
Now statement 2.3 follows from (48), (49), (50) and (39).
Let us prove the inverse. From (39), (45) and proposition 1 it follows that holx is of type 1
or 3. By the Ambrose and Singer theorem, the vector space holx is spanned by the elements
Rγ(W1,W2), where W1,W2 ∈ TxM¯ and γ is a curve in M¯ with the beginning at the point x.
To show that holx is not of type 1, we must prove the claim that if for some natural number k,
αi ∈ R, W1i, W2i ∈ TxM¯ and curves γi, where 1 ≤ i ≤ k, holds
∑k
i=1 αiR
γi(W1i,W2i)|T⊥x 6= 0,
then
∑k
i=1 αi prSx ◦R
γi(W1i,W2i)|Sx 6= 0. From section 4 and statement 1 it follows that if for
some i holds Rγi(W1i,W2i)|T⊥x 6= 0, then W1i = Vi ∈ Trx and W2i = Xi ∈ Sx (or vice verse).
As above we can show that from statement 2.4 it follows that
Rγi(Vi, Xi)|T⊥x = ϕx(prSx ◦R
γi(W1i,W2i)|Sx).
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This proves the claim and the proposition. 
For any two sub-distributions S1, S2 ⊂ S denote by Hom(so(S1), S2) the vector bundle over M¯
such that Hom(so(S1), S2)y = Hom(so(S1y), S2y) for all y ∈ M¯ .
Proposition 3 The holonomy algebra holx is of type 4 if and only if it is of type 2 or of type
4 (see proposition 1) and the following conditions hold
1. There exist two parallel sub-distributions S1, S2 ⊂ S such that S = S1
⊥
⊕S2 and the induced
connection in S2 is flat.
2. There exists a section ψ ∈ Γ(Hom(so(S1), S2)) such that
2.1.
∗
R(Xy, Yy) ∈ kerψy for all y ∈ M¯ and Xy, Yy ∈ Sy.
2.2. R¯3(V, Y )|S2 = 0 and R¯3(V,X)Y = g¯(ψ(
∗
R(V,X)), Y )U for all X ∈ Γ(S1), Y ∈ Γ(S2),
U ∈ Γ(T⊥) and V ∈ Γ(Tr) such that g¯(U, V ) = 1.
2.3. For any y ∈ M¯ and any curve γ : [a, b]→ M¯ with γ(a) = x and γ(b) = y we have
g¯x(ψy(
∗
Ry(Vy, Xy)), τ(γ)Yx) = g¯y(ψx(prS1x ◦τ(γ)
−1 ◦
∗
Ry(Vy, Xy) ◦ τ(γ)|S1x), Yx)
for all Xy ∈ S1y, Yy ∈ S2y, and Vy ∈ Try.
The proof of proposition 3 is similar to the proof of proposition 2.
Note that the statement 1 is equivalent to
∗
R(W1,W2)Γ(S1) ⊂ Γ(S1) and
∗
R(W1,W2)|Γ(S2) = 0 for all W1,W2 ∈ Γ(TxM¯).
Using (40), we can rewrite statement 2.2 in terms of A,
∗
h and
∗
∇.
Example 1. Consider the case when (M¯, g¯) has an Abelian holonomy. It is known (see [11])
that locally there exist coordinates x0, x1, ..., xn, xn+1 such that the metric g¯ has the form
g¯ = 2dx0dxn+1 +
n∑
i=1
(dxi)2 + f · (dxn+1)2,
where f is a function of x1, ..., xn, xn+1. The nonzero Christoffel symbols are the following
Γ0n+1n+1 =
1
2
∂f
∂xn+1
,
Γin+1n+1 = −
1
2
∂f
∂xi
,
Γ0i n+1 =
1
2
∂f
∂xi
,
16
where 1 ≤ i ≤ n.
We see that for all x from this coordinate neighborhood we have T⊥x = R(
∂
∂x0
)x and we choose
Sx = span((
∂
∂x1
)x, ..., (
∂
∂xn
)x). Then Trx = RNx, where N = −
1
2
f ∂
∂x0
+ ∂
∂xn+1
.
Since for 1 ≤ i, j ≤ n holds ∇ ∂
∂xi
∂
∂xj
= ∇ ∂
∂x0
∂
∂xj
= 0, we have
∗
∇ ∂
∂xi
∂
∂xj
=
∗
∇ ∂
∂x0
∂
∂xj
= 0 and
∗
h
(
∂
∂xi
,
∂
∂xj
)
=
∗
h
(
∂
∂x0
,
∂
∂xj
)
= 0.
For 1 ≤ j ≤ n we have ∇N
∂
∂xj
= 1
2
∂f
∂xj
∂
∂x0
, hence
∗
∇N
∂
∂xj
= 0 and
∗
h
(
N,
∂
∂xj
)
=
1
2
∂f
∂xj
∂
∂x0
.
Furthermore,
∇¯NN = ∇¯(− 1
2
f ∂
∂x0
+ ∂
∂xn+1
)(−
1
2
f
∂
∂x0
+
∂
∂xn+1
) = −
1
2
∂f
∂xn+1
∂
∂x0
+
1
2
∂f
∂xn+1
∂
∂x0
−
n∑
i=1
1
2
∂f
∂xi
∂
∂xi
= −
n∑
i=1
1
2
∂f
∂xi
∂
∂xi
,
∇¯ ∂
∂xj
N = ∇¯ ∂
∂xj
(−
1
2
f
∂
∂x0
+
∂
∂xn+1
) = −
1
2
∂f
∂xi
∂
∂x0
+
1
2
∂f
∂xi
∂
∂x0
= 0
and
∇¯ ∂
∂x0
N = 0.
Hence, ∇tWN = 0 for all W ∈ Γ(TM¯),
AN
∂
∂x0
= AN
∂
∂xi
= 0 and ANN =
n∑
i=1
1
2
∂f
∂xi
∂
∂xi
.
Let x ∈ M¯ be a point of this coordinate neighborhood and Mx be the lightlike hypersurface
through x. Then for the shape operator and the second fundamental form of Mx we have
A = 0 and
∗
h = 0
respectively.
For the curvature tensors we have
R¯1 = R¯2 =
∗
R = 0 and R3(
∂
∂xi
, N)
∂
∂xj
= −
1
2
∂2f
∂xi∂xj
∂
∂x0
.
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